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Abstract
Turbulent boundary layers under adverse pressure gra-
dients are studied using well-resolved large-eddy simula-
tions (LES) with the goal of assessing the influence of the
streamwise pressure development. Near-equilibrium bound-
ary layers were identified with the Clauser parameter β =
δ∗/τwdP∞/dx. The pressure gradient is imposed by pre-
scribing the free-stream velocity. In order to fulfill the near-
equilibrium conditions, the free-stream velocity has to follow
a power-law distribution. The turbulence statistics pertaining
to cases with a constant Clauser pressure-gradient parameter
β were compared with cases with a non-constant pressure dis-
tribution at matched β and friction Reynolds number Reτ . It
was noticed that the non-constant cases appear to approach
far downstream a certain state of the boundary layer, which
is uniquely characterised by β and Reτ . The investigations
on the flat plate were extended to the flow around a wing sec-
tion. Comparisons with the flat-plate cases at matched Reτ
and β revealed some interesting features: In turbulent bound-
ary layers with strong pressure gradients in the development
history the energy-carrying structures in the outer region are
strongly enhanced, which can be detected by the pronounced
wake in the mean velocity as well as the large second peak
in the Reynolds stresses. Furthermore, a scaling law sug-
gested by Kitsios et al. (2015), proposing the edge veloc-
ity and displacement thickness as scaling parameters, was
tested on a constant pressure gradient case. The mean velocity
and Reynolds stress profiles were found to be dependent on
the downstream development, indicating that their conclusion
might be the result of a too short constant pressure gradient
region.
1 Introduction
Turbulent boundary layers (TBLs) subjected to stream-
wise pressure gradients (PGs) are of great importance in
a wide range of industrial applications, including the flow
around a wing or inside a diffuser. Despite their relevance, the
effects of PGs on the characteristics of wall-bounded turbu-
lence are still elusive. Since the effect of the pressure gradient
on the TBL is closely related to its streamwise development, it
is important to define the concept of an equilibrium boundary
layer: according to the strict definition by Townsend (1956),
this condition requires the mean flow and Reynolds-stress
tensor profiles to be independent of the streamwise position
x, when scaled with appropriate local velocity and length
scales. As also shown by Townsend (1956) this condition
is only satisfied by the sink flow, although it is possible to
define a less restrictive near-equilibrium condition when the
mean velocity defect U∞ − U is self-similar in the outer re-
gion, which in any case dominates at high Reynolds num-
bers (Marusic et al., 2010). Townsend (1956) and Mellor and
Gibson (1966) showed that these near-equilibrium conditions
can be obtained when the free-stream velocity is defined by a
power law as U∞ = C(x−x0)m, whereC is a constant, x0 is
a virtual origin and m the power-law exponent. An additional
interesting conclusion is the fact that the widely studied zero
pressure gradient (ZPG) TBL, see e.g. Schlatter et al. (2009)
or Bailey et al. (2013), driven by a constant freestream veloc-
ity, is a particular case of the general near-equilibrium TBLs
proposed by Townsend (1956) and Mellor and Gibson (1966)
where m = 0. Note that it is relatively common in the liter-
ature to refer to “self-similar” boundary layers, where as dis-
cussed above the only case in which complete self-similarity
is observed is the sink flow.
The focus of this study is on near-equilibrium APG TBLs,
and more precisely on the assessment of history effects on
the boundary-layer development. To that end, we consider
the Clauser pressure-gradient parameter β = δ∗/τwdP∞/dx,
where δ∗ is the displacement thickness, τw is the wall-shear
stress and P∞ is the free-stream pressure, to quantify the
pressure-gradient magnitude and evaluate the evolution of
flat-plate TBLs under various β(x) distributions. For this pur-
pose, well-resolved large-eddy simulations (LES) of turbu-
lent boundary layers with various APG conditions were car-
ried out, and their results were compared with other available
databases as described below.
2 Numerical method and databases
The downstream evolution of TBLs subjected to adverse
pressure gradients was studied by means of well-resolved
large-eddy simulations (LESs). The pressure gradient was
imposed through the variation of the free-stream velocity at
the top of the domain, which was defined following the near-
equilibrium definition by Townsend (1956), i.e., U∞(x) =
C(x − x0)m. We used the code SIMSON (Chevalier et al.,
2007), which is based on a fully-spectral method with Fourier
discretisation in streamwise and spanwise directions and on
the Chebyshev-tau method in the wall-normal direction. Us-
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Case Reynolds number range β Color code
m13 700 < Reθ < 3515 [0.86; 1.49]
m16 710 < Reθ < 4000 [1.55; 2.55]
m18 710 < Reθ < 4320 [2.15; 4.07]
b1 670 < Reθ < 3360 1
b2 685 < Reθ < 4000 2
Wing 260 < Reθ < 2800 [0; 85]
ZPG 670 < Reθ < 2500 0
Table 1: List of datasets used in the present paper, including their
momentum-loss Reynolds number range, power-law expo-
nent, Clauser pressure-gradient parameter and color code
used throughout the remainder of the paper. The setup of
cases m13, m16 and m18 is reported in detail by Bobke
et al. (2016); the Wing case is described by Hosseini et al.
(2016), and the ZPG database is reported by Schlatter et al.
(2009).
ing the approximate deconvolution relaxation-term model as a
sub-grid scale model as in Eitel-Amor et al. (2014), the reso-
lution was chosen as ∆x+ = 21.5, y+max = 13.9 and ∆z
+ =
9.2 (where x, y and z denote streamwise, wall-normal and
spanwise coordinates, respectively), with 12 points below
y+ = 10. At the wall a no-slip condition was imposed, while
at the upper boundary a Neumann condition was applied.
Different near-equilibrium boundary layers were inves-
tigated by varying the virtual origin x0 and the power-law
exponent m as listed in Table 1. The pressure gradients in
those TBLs are of a different magnitude, and exhibit various
streamwise developments. The resulting pressure gradient pa-
rameter β decreases over the streamwise direction in the cases
m13,m16 andm18, whereas β remains constant over stream-
wise distances of 37δ99 and 28δ99 in the cases b1 and b2,
respectively. Note that δ99 is the 99% boundary-layer thick-
ness averaged over the region where β is observed to remain
constant, and δ99 was determined by means of the method de-
veloped by Vinuesa et al. (2016). Further details regarding
the numerical setup of cases m13, m16 and m18 are given
by Bobke et al. (2016). In addition to the five flat-plate APG
cases discussed above, in the present study we also consider
the TBL developing over the suction side of a NACA4412
wing section at Rec = 400, 000 (where Rec is the Reynolds
number based on freestream velocity U∞ and chord length c)
by Hosseini et al. (2016), and the ZPG TBL data by Schlatter
et al. (2009), as shown in Table 1. The idea is that the TBL
developing on the suction side of the wing is subjected to a
progressively stronger APG (contrary to the flat-plate APG
TBLs, in which case they are either constant or mildly relax-
ing), and therefore exhibits a very interesting β(x) distribu-
tion, which will be compared with the near-equilibrium cases
developing over the flat plate. Direct numerical simulation
(DNS) was considered for the wing case, and the spectral-
element code Nek5000 (Fischer et al., 2008) was employed,
as discussed in detail in Hosseini et al. (2016). The DNS of
ZPG TBL by Schlatter et al. (2009) is considered to provide a
baseline case, with respect to which pressure-gradient effects
can be assessed.
3 Effect of history on turbulence statistics
We first report the results of five near-equilibrium APG
TBLs on flat plates, defined by different power-law exponents
and virtual origins. As stated in §1, the state of the boundary
layer will not depend on the particular value of β at a cer-
tain position, but on its development history, i.e., on β(x).
While β decreases over the streamwise direction in the cases
denoted with m (m13, m16, m18), β remains constant for
the two cases denoted with b (b1, b2). Let us recall that al-
though β is not constant with x in the m cases, these TBLs
are in near-equilibrium due to the fact that theU∞ distribution
is prescribed by a power law as defined by Townsend (1956)
and Mellor and Gibson (1966). Regarding the cases with con-
stant β, not only are they in near-equilibrium, but they also
allow a better characterization of Reynolds-number effects in
a certain pressure-gradient configuration. Note that the ZPG
TBL flow essentially corresponds to a constant β = 0 con-
figuration. In Figure 1 we show the streamwise evolution of
β, as a function of the friction Reynolds number Reτ and the
streamwise component x, for the various flat-plate cases as
well as for the TBL on the suction side of a wing described
in §2. For the flat-plate cases the inflow laminar displacement
thickness δ∗0 is used to nondimensionalise x, whereas for the
case of the wing the displacement thickness at x/c = 0.15,
where the flow is post-transitional, is considered. In order to
evaluate the impact of different β(x) distributions on the local
state of the APG TBL, we select three cases in which we have
the same β and Reτ , but a different history of β. As high-
lighted with black dots in Figure 1, the first selected case is
with β = 1.4 and Reτ = 340, obtained from the wing (which
starts from very low values of β and exhibits approximately
exponential growth with x) and from the flat-plate case m13
(in which a decreasing trend in β, starting from higher val-
ues, is observed). The second case exhibits a slightly higher
friction Reynolds number Reτ = 367, at a stronger adverse
pressure gradient β = 2.9, and in this case also the wing
is selected (with the exponentially increasing β(x)), together
with the flat-plate APG casem18, which at that point exhibits
a slightly increasing trend in β. The third case highlighted in
Figure 1 involves the two flat-plate APG TBLsm16 and b2, at
a higher Reynolds number of Reτ = 762, and with β = 2.0.
Note that in this particular case both boundary layers are in
near-equilibrium, and that the b2 configuration exhibits a con-
stant value of β = 2 starting at x ' 1000, whereas in them16
case the β curve shows a decreasing trend.
In Figure 2 we show the inner-scaled mean flow for the
various comparisons discussed above, as well as selected
components of the Reynolds-stress tensor. The first two im-
portant observations from this figure are: although the three
comparisons are at the same β and Reτ , the turbulence statis-
tics in the outer layer are essentially different among the
cases, while they agree in the viscous region. This highlights
the significant impact of history effects on the state of the
outer layer of a turbulent boundary layer. Focusing on Figure
2(a), we can observe the general effect of a moderate APG
with β = 1.4 on the boundary layers, compared with the
equivalent ZPG case: the APG TBLs exhibit a steeper log-
300 400 500 600 700 800
Reτ
1
2
3
5
10
30
β
340 360
1.4
3
I
II
III
Figure 1: Clauser pressure-gradient parameter β as function of Reτ
for the following cases: boundary layer developing on the
suction side of a wing (Hosseini et al., 2016): red, and
over a flat plate for non-constant β-cases (m = −0.13:
green, m = −0.16: blue, m = −0.18: purple) and con-
stant β-cases (β = 1: orange, β = 2: brown). Inset and
black dots indicate the matched β − Reτ values that will
be considered in the remainder of the paper.
arithmic region, and a more prominent wake than the ZPG,
associated with stronger energetic structures in the outer re-
gion, as also observed by Monty et al. (2011) and Vinuesa
et al. (2014). With respect to the differences between the
two APG cases, it is important to recall that the profiles on
the suction side of the wing were obtained by means of DNS,
whereas the flat-plate boundary layers are based on LES. This
could be the reason for the subtle discrepancies between both
profiles in the buffer region, since as documented by Eitel-
Amor et al. (2014) the coarser resolution used in the LES
produces slightly lower mean velocities in this region of the
boundary layer. Nevertheless, the effect of the LES is negligi-
ble in the outer region, and therefore the differences observed
in the wake of the two APG cases can be attributed to their
particular streamwise evolution. Monty et al. (2011) showed
that the APG energizes the largest turbulent structures in the
outer flow, leading to the more prominent wake, as well as
to the outer peak in the streamwise velocity fluctuation pro-
file. As noticeable in Figure 1, the β(x) curve from the m13
case exhibits values above 1.4 from the start of the pressure-
gradient region, whereas in the wing the initial β values are
close to zero, and they only reach the value 1.4 after a cer-
tain streamwise development. Therefore, in the m13 case the
outer flow was subjected to a stronger APG throughout its
streamwise development, and therefore the larger structures
received much more energy from the APG. As a consequence,
and although atReτ = 340 the wing and the flat-plate bound-
ary layers have the same value of β = 1.4, the accumulated
β(x) effect leads to a stronger impact of the APG in the m13
case. The Reynolds-stress tensor components are analyzed
for this case in Figure 2(b), where again the most character-
istic features of APG TBLs can be observed in comparison
with the ZPG case (Monty et al., 2011): the streamwise veloc-
ity fluctuation profile develops an outer peak, a consequence
of the energizing of the large-scale motions, which also pro-
duces an increase of the near-wall peak due to the modulation
of the near-wall region by the outer flow. Note that the lo-
cation of this inner peak, y+ ' 15, is essentially unaffected
by the APG. The wall-normal and spanwise velocity fluctu-
ations, as well as the Reynolds shear-stress profile, exhibit a
more prominent outer region compared with the ZPG due to
the effect of the APG on the outer flow. Regarding the char-
acteristics of the two APG cases, the first noticeable feature
is the fact that the value of the inner peak appears to be ap-
proximately the same in the two cases, whereas the m13 case
exhibits a stronger outer peak. The larger value of the outer
peak can be explained, as well as the more prominent wake,
by the fact that the flat-plate case was exposed to a higher ac-
cumulated β(x), therefore the large-scale motions in the outer
flow were effectively more energized than those in the wing.
Nevertheless, it would be expected that the inner peak would
also be larger in the m13 case, due to the modulation effect
mentioned above. A possible explanation for this apparent
contradiction lies in the use of LES for the m13, which as
also mentioned above does not have a noticeable effect on the
outer region. Interestingly, the outer-region wall-normal and
spanwise fluctuations are also stronger in them13 case than in
the wing, although the Reynolds shear-stress profiles exhibit
values slightly larger in the wing. An alternative explana-
tion might be related to the different upstream histories of the
boundary layers exposed to nearly the same β parameter: the
boundary layer on the wing increases in terms of the strength
of the APG along its downstream evolution, while the TBL in
the m = −0.13 case stems from a stronger APG that relaxes
in terms of β. Whereas the inner layer adapts quickly to the
imposed pressure gradient, the outer layer inherits the differ-
ent upstream histories further downstream, thereby yielding
matched inner-layer turbulence statistics at the same β-value,
while the outer layer exhibits amplitudes that are rather repre-
sentative of the respective β at a more upstream station, i.e.,
a higher and lower β value for the m = −0.13 and wing,
respectively.
The second comparison is also between a flat-plate APG
and the boundary layer developing on the suction side of the
wing, this time at β = 2.9 and Reτ = 367. In Figure 2(c) the
effect of a stronger APG on the mean flow can be observed in
comparison with the ZPG, more precisely, the wake region is
significantly stronger (a fact associated with much lower skin
friction and the lifting up of the boundary layer by the ac-
tion of the APG), and the incipient log region is steeper. Also
in this case, the β(x) history from the flat-plate case (m18)
leads to higher accumulated effect of the APG in comparison
with the wing. In particular, the m18 case exhibits values of
β starting around 2 (at the beginning of the APG region), and
increasing up to the value of around 2.9 where the comparison
with the wing is performed. On the other hand, in the wing the
initial values are around zero and rise quickly up to the value
of 2.9, but the accumulated APG effect is significantly infe-
rior to that of the flat-plate case. This is again manifested in
the more prominent wake region from the m18 configuration,
due to the fact that the most energetic structures in the outer
flow have been exposed to a stronger APG throughout the
10 0 10 1 10 2 10 3
y+
0
5
10
15
20
25
30
U
+
(a)
10 0 10 1 10 2 10 3
y+
-2
0
2
4
6
8
10
〈u
u
〉+
,〈v
v
〉+
,〈w
w
〉+
,〈u
v
〉+ (b)
10 0 10 1 10 2 10 3
y+
0
5
10
15
20
25
30
U
+
(c)
10 0 10 1 10 2 10 3
y+
-2
0
2
4
6
8
10
〈u
u
〉+
,〈v
v
〉+
,〈w
w
〉+
,〈u
v
〉+ (d)
10 0 10 1 10 2 10 3
y+
0
5
10
15
20
25
30
U
+
(e)
10 0 10 1 10 2 10 3
y+
0
2
4
6
8
10
〈u
u
〉+
,〈v
v
〉+
,〈w
w
〉+
,〈u
v
〉+ (f)
Figure 2: (a),(c),(e) Inner-scaled mean velocity profiles of the wing
(red), m = −0.13 (green), m = −0.16 (blue), m =
−0.18 (purple), β = 2 (brown) and ZPG (black).
(b),(d),(f) Variation of the inner-scaled Reynolds stress
profiles: 〈uu〉+ (solid), 〈vv〉+ (dashed), 〈ww〉+ (dot-
dashed) and 〈uv〉+ (dotted). (a),(b) I: β = 1.4 and
Reτ = 340. (c),(d) II: β = 2.9 and Reτ = 367. (e),(f)
III: β = 2.0 and Reτ = 762.
boundary layer development. Interestingly, the discrepancy
in the logarithmic and buffer regions is larger in this case than
what was observed in Figure 2(a), at a lower β. Note that the
lower velocities in the buffer region with stronger localized
APGs have already been reported by Monty et al. (2011), and
therefore it is plausible that in this case they could be caused
by the different β(x) from the two cases. Figure 2(d) further
supports the fact that the accumulated β(x) in the m18 case
leads to a much more energetic outer region compared with
the wing, although the local magnitude of β and the Reynolds
number are the same for the compared profiles. The outer
peak in the streamwise fluctuations is significantly larger in
the flat-plate case, and the differences in the outer region are
also noticeable in the other two fluctuation components, as
well as in the Reynolds shear stress (as opposed to what was
observed in the lower β case described above). Interestingly,
also in this case the inner peak in the streamwise fluctuations
from the two APG TBLs exhibits approximately the same
value, despite the large difference in the outer region. The
attenuation effect of the LES reported by Eitel-Amor et al.
(2014) is also around 4% at this Reτ in ZPG TBLs, therefore
it can also be argued that the inner peak would be marginally
larger in the m18 than in the wing if a DNS had been per-
formed.
Finally, in Figure 2(e) we compare the mean flow from
two flat-plate cases, one with a constant β region (b2), and the
other one with no constant β (m16); both in near-equilibrium.
In particular, the comparison is done at β = 2 and at a higher
friction Reynolds number of Reτ = 762. The effect of the
APG is also noticeable in this case, with the more promi-
nent wake and lower velocities in the buffer region, in com-
parison with the ZPG. Note that the U+∞ value from the flat-
plate boundary layers is around 30, approximately the value
obtained in the m18 case. Interestingly, this inner-scaled
freestream velocity is obtained here with a lower β (2 instead
of 2.9), but higher Reτ (762 instead of 367). This, together
with the similarities between Figure 2(f) and d) in terms of
inner and outer peaks of the streamwise velocity fluctuations,
suggests certain connections between Reynolds-number and
pressure-gradient effects. More precisely, a low-Re APG
TBL may exhibit features of a high-Re ZPG TBL, if the mag-
nitude of the APG is strong enough. This also points towards
certain connections between the energizing mechanisms in
the outer flow present at higher Reynolds numbers and with
stronger APGs. Focusing on Figure 2(e), it is interesting to
note that the two flat-plate cases exhibit very good agreement
in their mean flow profiles, although their streamwise devel-
opments are different. Nevertheless, Figure 1(b) shows that
although the m16 exhibits a decreasing trend in β(x), and in
the b2 a region of constant β is observed, from x ' 1500
to around 2000 (location where the comparison is done), the
two curves converge, and the relative differences between the
two curves are below 15%. Hence, both APGs share a simi-
lar upstream history for about 6.5 local boundary-layer thick-
nesses. Regarding the components of the Reynolds-stress
tensor shown in Figure 2(f), first of all the pressure gradi-
ent effects (combined with the moderate Reτ of 762) lead to
significantly more energized components in the outer region
compared with the ZPG, as well as a larger near-wall peak
in the streamwise component. Interestingly, in this case the
outer peak of the streamwise velocity fluctuations is slightly
larger than the inner peak; a phenomenon that suggests the
development of a different energy distribution throughout the
boundary layer, compared with that of moderately high ZPG
TBLs. Such an overtaking of the inner peak by an outer peak
has for instance been predicted by the diagnostic profile as
shown by Alfredsson et al. (2012), although there, the outer
peak resided within the overlap region, which is not the case
for strong APGs. The other significant observation is the fact
that the two flat-plate APG boundary layers exhibit very good
agreement in all the components of the Reynolds-stress ten-
sor, again highlighting the convergence of the two boundary
layers towards the same state. These results suggest that, in
this particular configuration with a moderately changing β, a
streamwise distance of around x/δ∗0 ' 500 (where δ∗0 is the
displacement thickness of the inflow laminar boundary layer),
corresponding to 6.5δ99, may be sufficient for the APG TBL
to become independent of its initial downstream development,
and converge towards a certain state uniquely characterized
by the β and Reτ values.
4 Assessment of alternative scaling laws
500 2300
1500 3150
Reɽ=950 Reɽ=3255
Reɽ=3000 Reɽ=5000
0
0
Figure 3: (Blue) Sketch of the APG turbulent boundary layer show-
ing the area where a constant value of β = 1 was obtained,
where δ∗0 is the displacement thickness of the laminar in-
flow boundary layer. (Red) Domain of interest with β = 1
extracted from the study by Kitsios et al. (2015). The ex-
tent of the constant β = 1 regions are shown in both cases
normalized with the averaged boundary-layer thicknesses
δ. The extent of the domain of interest from Kitsios et al.
(2015) is also represented in our case.
Due to the significant impact of history effects on the lo-
cal flow features as discussed above, in this work we aim at
characterizing configurations with values of β constant over
a significant portion of the domain. As observed by Mellor
and Gibson (1966), the constant β configuration is a particu-
lar case of near-equilibrium TBL, and therefore the U∞(x) is
also defined by a power law with particular choices of x0 and
m. A detailed characterization of constant β cases will ulti-
mately allow to assess pressure-gradient effects with progres-
sively more complex history effects, given by the particular
β(x) distribution. In the present work we obtained a con-
figuration exhibiting a constant value of β = 1 in the range
500 < x < 2300, and another one with a constant value of
β ' 2 in the range 1000 < x < 2300. In Figure 3 we show
a schematic representation of the constant β = 1 region, in
comparison with the one obtained in the recent work by Kit-
sios et al. (2015), also for a constant β = 1 case. Note that
although Kitsios et al. (2015) explored higher Reynolds num-
bers than the ones considered here, the range over which β is
constant is 1.6 times larger in the present simulation.
Figures 4(a) and (b) show the inner-scaled mean flow and
velocity fluctuations corresponding to case b1, schematically
discussed in Figure 3. The profiles within the region of con-
stant β = 1 are highlighted in the two panels. The mean flow
shows all characteristic features of APG TBLs, as discussed
in §3. Moreover, the velocity fluctuations develop an outer
peak in all components, connected with the most energetic
structures in the outer region. An alternative scaling for these
quantities was considered by Kitsios et al. (2015) in their sim-
ulation, based on the displacement thickness δ∗ and the local
edge velocity Ue. They observed an apparent collapse of the
mean flow and the fluctuations in their region of constant β,
which as indicated in Figure 3 corresponds to a streamwise
distance of around 23 integrated boundary-layer thicknesses
δ. In Figures 4(c) and (d) we apply the same scaling to our
data, and we do not observe such a collapse in any of the in-
vestigated quantities in our constant β region, which spans a
longer streamwise distance of 37δ. One possible explanation
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Figure 4: Case β = 1: Mean velocity profiles (31 positions in the
range of 100 < x < 2300) non-dimensionalised by (a)
uτ and l∗ = ν/uτ , (c) Ue and δ∗. Dark blue indicates
the area of constant β and light blue the non-constant β re-
gion. Reynolds-stress profiles non-dimensionalised by (b)
uτ and l∗ = ν/uτ , (d) Ue and δ∗. Dark blue, turquoise,
red denotes the constant β region for 〈uu〉,〈vv〉,〈ww〉, re-
spectively, and light blue, green, yellow indicate the non-
constant β region. Scaled profiles reported by Kitsios et
al. (2015): purple. Case β = 2: (e) Mean velocity pro-
files (23 positions in the range of 100 < x < 2300). (f)
Reynolds-stress profiles.
for this discrepancy could be that the scaling considered by
Kitsios et al. (2015) does not lead to self-similarity, and since
their constant β region is shorter than ours and theirRe-range
spans only 20% of a decade, their streamwise development
would be insufficient to reveal this conclusion. The present
data exhibits a clear Re trend (spanning 23% of a decade in
Reθ), which is furthermore extended through the higher Re
data by Kitsios et al. (2015). This would indeed be in agree-
ment with Townsend (1956), since in principle the sink flow is
the only flow that can be described from the wall to the free-
stream in terms of a single similarity variable in y. These
aspects are further explored by analyzing the constant β = 2
case, over a streamwise distance of 28δ. A higher Reθ range
is reached in this case, which is more comparable to the one
analyzed by Kitsios et al. (2015), albeit at a higher value of β.
As seen from Figures 4(e) and (f), the scaling by Kitsios et al.
(2015) does not lead to self-similarity in this case either. Also
here a clear Re trend is noticed, supporting the statements
presented above, and also the validity of the classic two-layer
similarity, at least for the β range under consideration.
5 Conclusions
The present study is focused on the history effects in tur-
bulent near-equilibrium boundary layers with pressure gra-
dients. After defining the near-equilibrium state according
to Townsend (1956), large-eddy simulations were performed
over a flat plate to assess the effect of different evolutions of
the pressure-gradient parameter β. The adverse pressure gra-
dient was imposed by a varying free-stream velocity profile at
the top of the domain, i.e., in the free-stream. Hereby constant
and non-constant pressure distributions were achieved. With
the constant pressure gradients, turbulent boundary layers at
a certain state (due to the imposed pressure distribution), can
be investigated over a wide range of Reynolds numbers. An
interesting finding was obtained when comparing the mean
and Reynolds stress profiles of the non-constant pressure and
constant APG TBLs at matched β andReτ . The non-constant
β case appears to converge towards the canonical state after a
sufficiently long downstream length. For the conditions inves-
tigated in the present study, this length is 6.5δ99.The history
effects were studied not only in flat-plate TBLs, but also in
the APG boundary layer developing over the suction side of
a NACA4412 wing section. The large structures in the outer
region were found to be less energetic on the suction side of
the wing than in the flow over the flat plate for matched β
and Reτ . The structures were exposed to a lower PG over
the streamwise direction (compared to the ones over the flat
plate), resulting in a less pronounced wake region and a less
intense outer region in the Reynolds stresses. A connection
between PG TBLs and high-Re ZPG TBLs might be able to
be drawn, since the mechanisms, by which the large-scale
motions are energised, in APG TBLs seem to share some
similar features with those present in high-Re ZPG TBLs.
Finally, we investigated the scaling proposed by Kitsios et
al. (2015), in which δ∗ and Ue are considered as length and
velocity scales. Our results show that this scaling does not
lead to self-similar boundary layer profiles in the constant
β region. This conclusion is in agreement with Townsend,
who showed that the sink-flow is the only boundary layer ex-
hibiting self-similarity. Stronger streamwise constant pres-
sure gradients at higher Reynolds numbers should be investi-
gated in order to characterise cases closer to wind-tunnel ex-
periments and general applications.
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